Time Reversal (- -t)

A wavefunction cannot be in an eigenstatd ,dbecausd is an antiunitary
operatowhich changes functions to their complex conjugate. e.q. if

P = dPx-EY
then (usinglp = )
TP = d-px+EY
= Ll_j*
One can easily see that the eigenvalue equation
Ty =AMy

has no solutions for any complex eigenvaluepe®,

This does not mean T may not be a symmetry of the Hamiltolipst means the
wavefunctions canndie eigenstates.

Probabilities and expectation values are unchanged if T is a symmeagtrior a
free particle wave function

TW* ) =g gr=y*y
This may not be true for interactions if complex matrices are involvegmmetry,
as well as CP, is violated at the 0.2% level in neutral kaon decays.
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Detailed Balance

Time reversal can be tested in several ways, for example, consider a two body
reaction involving initial state spinless particie&. b, and final state spinless
particlesc & d:

ap,) + b, ~ cly) + dpy)

Under time reversal we get

C(-po) + d(Pg) — a(y) + b(Py)
and applying parity we have

c(py) +dpy) — ap,) + by)

SoPTsymmetry would implythat the rate for the reactierb - c+d should be the
same as the rate for the reactiwoil — a+hb. This isthe principal of detailed
balance
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Antiparticles

Antiparticles exist even if charge conjugation is not a good symmetry.

 C-invariance says that changing particles into antiparticles should not change the
physics

* The existance of antiparticles is a consequence of quantum mechanics and Larentz
invariance.

Free particle wave equations are based on kinematic laws, using the quantum mechanical
substitutions
d

p--ir0 and E - ih—
ot

giving the free particle wave equations, for example,
* non-relativistic Schrédinger equation

2 .
E - p_ R a_LlJ — i |:|2L|J
2m ot 2m
« relativistic Klein-Gordon equation

2 2 4
£2 = 202 4 2ol 0°Y _ .2 2.2 mM°C
—pC+mC_>—at2—hCDL|J- thJ

relativistically

E==+,p’c® + m?c’
so relativistic quantum wave equations (e.g. Klein-Gordon or Dirac equations) have:
positive and ngative enegy solutions.
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The negative energy solutions are antiparticles; antiparticles must exist if quantum
mechanics and special relativity are correct.

 Particles and their antiparticles must have equal masses and lifetimes. This turns out
to correspond to invariance under the combined CPT transformation.

 Particles and their antiparticles must have opposite “charges”, i.e. electric charge,
baryon number, lepton number, ....

- If a particle carries no charges, then it is its own antiparticley,a.p°.

 Particles and their antiparticles do not have to interact the same way unless C-
invariance is true.

If C-invariance is true, and a particle is interacting with a force, then the negative energy
solution acts as if it had the opposite charge from the particle. This actually follows ‘rom
solving the wave equations with interactions (e.g. a potential), but it there are seve ‘al
interpretations: Dirac holes in negative energy sea, Feynman particles moving baclkwards
in time, or even by simply considering

E:[ﬁﬂm

One can see that forces for the positive and negative solutions should have opposite signs
(You can run into trouble applying this to gravity, however, since particles and
antiparticles should both fall undgravity.)
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Symmetries and Conservation Laws

A system is said to have a symmetry if the laws of physics for that system are invariant
under some transformation.

For example, if the laws of physics are independent of location in space, §i{ghiff a
solution of the Schrodinger equation

5 AW _ d¢'*
i SHY & i

theny (x+90) is alsoa solution, wherd is a displacement in X. Consider an infinitesmaell
transformationd - 0). (This is quite general, since space translation is a continuous
operation, so any arbitrary finite translatidy,can be made in infinitesmal steps.)

= Y*H

ow azazm oy
W(x+9d) = w(x)+6 ox 2 a2 000 Wy 66x

: ... 0
But remembering that the momentum operatq,is- izi—

wix+8) = -1 7p, o)
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This must also be a solution of the Schrddinger equation

ihw = HY(x +d)
in G0 5 AP0 — gy -1, (9

o, ABW0)
dt

IHp, W(X)

Something (e.g. F) is conserved if its expectation value is independent of time. Assume
the operator F does not depend on t, then

d de.3 3, dy* 3« AFY

—(F)=—[d°xp* Fp = [ d*x——Fyp + [ d>xp* =" =0
dt<>dthwI dtwjxwdt
In this case, we have assumed space invariance and the momentum operator has
appeared, so let’s check

d [ *d(p L:U)D

dt<px> Xaidt P+ X E
- "d3 * H E
= Xg-m P4 Hp
(43,0, o _
= [ &% |4/ Hpw - Hipgy =0
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So the assumption that physics is invariamder space transformations requires trat
momentum benvariant!

In general, it turns out that if a operator commutes with the Hamiltonian, the
corresponding observable is a conserved quantity.

e.g. Energy, momentum, and angular momentum conservation correspond to
iInvariance under time and space translations, and space rotations. Since these
translations can be described by the Lorentz group, we can say that energy-
momentum conservation are due to the Lorentz group symmetry of the universe.

Note, however, that we often write down Hamiltonians which do not conserve
momentum or energye.g. When there is an external potential, or friction. In
these cases momentum and energy may not be conserved, but this is because our
wavefunction does not include the whole system.
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Additive and Multiplicative Laws

If parity is conserved, then the parity of a system is the product of the parity of i's
components.

W(X) = g1 (X) Pa(X)
PW(X) = P(¢n(X) (X))
= 1 (=X) Pa(=X)
= Pin (X) Bo(X)
=P B¢ (X) (X))
=Py ¥ (X)
This is a general property of such discrete symmetries.

0 Py=RB

Continuous symmetries give additive conservation laws.

W(X+0) =P1(X + Q) Ya(X + 9

= g[—i%pxl g.pl(x)gl— i %pxz g-liz(x)

[]

N T S § 0 Pxy = Px; * Px2
:H-_|£px1 _|£px2 _lh_szleZle(X)qJZ(X) - =

= g]]gm%ﬁ %‘ i%(pxl * Px, )ELP(X)
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