PHYS256F November 10, 2006

Introduction to Quantum Mechanics: Problem Set 3

1 Derive the expressions for 7" and R on page 16 of lecture 18.

Solution: We'll solve this problem from scratch, but you can start
from the expressions given in Lecture Note 18.

We assume the particle approaches the barrier from the left, so the
wavefunction on the left of the barrier will be a superposition of incident
and reflected waves whereas the wavefunction on the right of the barrier
will only contain the transmitted wave. Note that F > 1}, so we expect
an oscillatory solution inside the barrier region, not a decaying solution
as you would expect for £ < V.

The time-independent Schrodinger equation is

—h* d*y(x)
o dr + V(@)p(z) = E(z)
d? —2mFE
zib(x) = hrg (x) outside the barrier region
x
2 —om(E —
d Z}(x) = m(h2 Vo)w(x) inside the barrier region
x

We define k; = ¥ 27TE and ky = —VQm(hE_VO) so that we can rewrite the
equations as

2
d g(x) = —k¥(z) outside the barrier region (r < 0 and z > a)
T
d2
gx(x) = —k2Y(x) inside the barrier region (0 < = < a)

These are two second-order ordinary differential equations whose solu-
tions in the three regions {x < 0,0 < z < a,z > a} can be written

Y(z) =Ae™*  Bem 1T r <0
Y(z) =Fe*2® 4 Ge 0<z<a
Y(z) =Ce™® T >a

Notice that for x > a we only make use of the solution that propagates
from left to right (positive kjz), since the only way probability can get
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into this region is if it was transmitted through the barrier from the
left side.

Since the potential is everywhere finite both the wavefunction and its
first derivative must be continuous over the steps in the potential at
x =0 and x = a. This gives us four continuity conditions to satisfy:

At z = 0 the condition on continuity of ¢ (z) is
Aeik10 | Be—iki0 _ pika0 | (1o—ika0
A+B=F+G (a)

and the continuity of w(

Aikleiklo - B’ikle_Zklo = Fiky etk20 _ Giky e~ ik20
Ak — Bk, = Fky — Gks (b)

gives

Similarly at = a, continuity in ¢ (x) requires

Feik:ga + Gefikga — Ceikla (C)
and continuity of dw(m) requires
Fz‘er”m — Gikge ™ = Clik e™*
Fhye™ — Ghye "2 = Chy e (d)

We now have four linear equations for five unknown constants (A, B,
C, F, G), so the system is degenerate with an infinite number of lin-
early dependent solutions (which we expect since we haven’t specified
normalization). We can use the four equations to eliminate any three
of the variables and get a relation in the other two. We want to find the
reflection coefficient R = E:Q and the transmission coefficient 7' = Ig‘lj,
so we’ll reduce the equation system to an equation relating B and A

and to another relating C' and A.

Reflection coefficient We want to eliminate F, G, and C from the
equation system. Let’s start by combining (a) and (b) to solve for G:
Al{fl - Bk’l == Fk‘g - GkQ
Al{il - Bkl - (A + B - G)kg - Gkg
Aky — Bky — Aky — Bky = —2Gk,

kQ_kl k2‘|‘k1
=A B
“ ( 2% )+ < 2% )




And we can use this result to solve (a) for F

F=A+B-|A ka — +B ko + b
ko ko

1
2
1

= — [A(ks + k1) + B(ka — k)]
2ks
/{2 + kl k2 - kl
F=A B
( s ) + ( ks )

So we’ve eliminated two variables. We can eliminate C' by plugging (c)
into (d).

F

Fhye™® — Ghye ™" = ky (Fe™* 4 Ge™™2)
Fe™2(ky — ky) — Ge ™% (ky + k1) = 0

And now we can plug in the solutions for F' and G and we’ll have an
equation in A and B only.

ko + kq ko — Ky iksa
() o ()
ko — ki ko + ky —iksa o

We can now isolate the A and B terms on the two sides of the equation.

A |:eik2a ((k?2 + k12)k(2k2 - kl)) _ -ikaa ((’@ - k;)};’@ + kl))} _

_B |:eik2a ((k‘z - k12>k(52 - k1)> _ ikea ((kz + k?12)]£2k2 + k‘l))}

Applying sin ¢ = (e’ — ¢7*?) /2i and multiplying both sides by 2k, we
obtain

A(k3 — ki) (2isinkoa) = —B [(ka — k)%™ — 7™ (ky + ky)?]
Now we take the magnitude squared of each side and arrive at
| AP (k3 — k7)?(4sin® kaa) = |BJ* (ks — k1)%e™* — ™% (ky + k1)2|2

Now if we have two complex numbers A;e® and Aye™* (with ¢, A,



and A, real), then

| A6’ — Age " = (A6’ — Age™) (Aye™i® — Aye™?)
= A% — A Aye®? — Ay Aje™ B 4 A2
= A} — A1 A, (e + %) + A]
= AT+ A3 — 24, Ay cos 26
= A7+ A — 24, A5(1 — 25in” 9)

Applying this result to the right side of the equation, we obtain

|A|?(k3 — k2)*(4sin? kya) =
|B|2 ((k‘g — k1)4 + (kfg + k1)4 — 2(]{?2 — k?l)Q(kJQ + k1)2(1 — QSiIl2 k’ga))
= |B|2 ((k)g — k1)4 + (]{72 + k1>4 — 2(]{?% — k’%)Q + 4(]{35 — k‘%)Q SiIl2 ]{72&)

Now we need to break up these expressions in k; and k. Using the
binomial theorem, we get (ko + k)* = ki + 4k3ky + 6k3kT + 4kok? + ki
and (k‘g + k1)4 = k‘% - 4]4?3]’6’1 + 6]{7%]6% - 41{?2]{7? + k’il SO (k’g - k1)4 + (k’g +
k)Y = 2k3 + 12k3k? + 2k}, Also, (k2 — k3)? = ki — 2k?k2 + k2, so
(kg — k1) + (kg + k1)* — 2(k3 — k?)? = 16k?k3. The expression therefore
simplifies to

|A|?(k3 — k7)*(4sin® koa) = |B|? (16k7k3 + 4(k3 — ki)? sin® ka)
|A]P(k3 — ki)?sin® koa = | B|* (4kik3 + (k3 — k)” sin® koa)

So
-1
Ao |BJ? | (4h3KS + (K3 — K)° sin® kaa)
|A? (k3 — k?)2sin® kya
[y AR3K3 -
(k% — k3)2 sin® kya
Now we can substitute in the original definitions k; = QFL’SE and ko =
2m(E—Vy)
h2



R= |1+

Ak2 k2 -
(k3 — k?)2sin? kya

42mE 2m(E—Vy) ] -1

B2 h?

i (2771(52—\/0) - QZLEE)Q sin? koa

4E(E — V) } o
(—Vp)%sin? kya
AE(E — %)} o

V2 sin? kya

= |1+

Which is the desired result.

Transmission Coefficient: Now we have to calculate T. The easy
way to do this is to argue that on physical grounds we need to have an
equal amount of probability approaching the barrier as leaving it. From
the left the probability flow towards the barrier is |A|*k; and away from
the barrier is |B|*k;. On the right of the barrier the probability flow
away from the barrier is |C|*k;. Probability flow into the barrier equals
probability flow out, so

|A[ky = |B]2ky + |C 2k

Dividing both sides by |A|?k; we have

BI* | |CF _
AP B
R+T=1



Plugging the derived expression for R into T'=1 — R,

[ 4BE(E-Vy)]™!
i Vi sin® kqa
o [Wsin® kea + 4E(E — Vi) -
Vi sin? kya
L V2 sin? kya }

|V sin? kea + 4E(E — Vo)
[V sin® kea + 4E(E — Vy) — Vi sin® ksa
L VZsin® kya + 4E(E — V) ]
1 AE(E — V)
|V sin®? koa + 4E(E — Vo)]
[Vi2sin® kya + 4E(E — Vo)
- 4E(E — Vp) ]
V2 sin? kya } !
AE(E — Vo)

= |1+

As required.

The hard way is to prove the result is to go through the derivation for
R, but solving the equation system to eliminate F'; G and B instead.

We can add (c) to (d)=+ks to eliminate G

2F k20 = Ceihe (1 + @)
ko
. ko + k1
F=C i(k1—k2)a 2
‘ 2k

Similarly, we can take the difference of (c¢) and (d)+ks to obtain

2Ge k20 = Ceihia (1 - ﬁ)
ks

- ke — k
_ Z(k’l-‘rkz)a 2 1
G =Ce (—2k2 )

We can use (a) to eliminate B from (b)

Aky — (F + G — A)ky = Fky — Gk,
2Ak1 - F(kg + k‘l) + G(kg - kl) == 0



And substitute the solutions just obtained for G and F' in terms of C'

) k k . ko — k
2Aky—06@1kﬂa(—%%;i)(k?+kn—%céwl%”“< gk21)<k2—ka>:o

T (ke B2\ [ (ks — Fy)?
2A — iki1a ikoa ( 2 1 _ ikoa
ki =Ce {e (—2 s e ST s

Taking the magnitude squared of this we get

e—ikza (k2 + k1>2 o eikza (k2 - kl)Q
2ko 2ks

(S) () 2 a2

2

4|APk = |C)?

=|cJ®

Using our binomial expansions in k; and kg we get
16| A|*kTks = |C|? [16k7k3 + 4sin® koa(k} — k3)?]
4|APKTES = |Cf [4kTKS + sin® kaa (k] — K3)?]
So that

_lep Ak k3
AR 4k2E2 + sin® koa(k2 — k2)2

T

Substituting in k; = @ and ky = Y¥——— QméEivo

gives
4M 2m(E—Vy)
T — K2 K2
4(ZmE2E D)y | in? fryq(2mE — 2 10) )2

. AE(E — V)
AE(E — Vp) + sin? kea (E — (E — Vj))?
- [4E(E — V) + VZsin? k;ga} -
AE(E — V)
V2 sin? kya -
m]

T = {l—i—

As required.

A particle in an infinite square well is in the ground state of the system.
The well has walls at * = a and © = —a if we move the walls instanta-
neously to x = 2a and x = —2a, what is the probability of finding the
particle in the ground state of the new system?

Solution: Initially the particle is in the ground state of the smaller
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well. The expression for the states of this well are given in the textbook
on page 158. Notice that they are different than those given in the notes
since the well runs from —a to a rather than from 0 to a. Notably the
ground state of the well is a cosine rather than a sine function.

1 T
z/zo(x):\/;cos% —a<zr<a

= elsewhere

After the walls of the well have moved the eigenfunctions of the new

well are
6 ( ) 1 ™I cy<
n(T) =4/ 7= cos —— —a<z<a
2a 4a

= elsewhere

to(z) could be expanded in the eigenfunctions of the new well as

where

2a

A, = Yo () (z)da

The probability of finding the particle in state 1y(z) to be in the n'*
eigenstate is |A,|%. In particular, the probability of finding the particle
to be in the ground state is |4;]?, and

2a
A = \/i/ Yo(x) cos @dx
“2@\/»/ cos—cosﬂdx

Where we’ve reduced the range of integration since 1y (x) is zero except
over {—a,a}.

We can apply the trig identity cosacosb = £ (cos (a + b) + cos (a — b))



to obtain

A L / ’ UL + cos UL dz
= cos — —
! 2v/2a J_q 4a 4a

So |A1[? = 64/(972) ~ 0.72.

There is a 72% probability of finding the particle in the ground state
of the well after the walls are moved.

4 A particle is in an infinite square with walls at z = 0, x = a. Calculate:

(a) (xn), (Pn), (x3,), and (py).
(b) Calculate Ax,Ap, <AA =4/(A?) — <A>2>

(c) Estimate the ground state energy using the result above. Com-
pare to the result we obtained

Solution:

(a) These are just a bunch of integrals that need to be crunched
through. The n subscript implies that we are looking for the
expectation values for the energy eigenstates given in the notes,

namely:
2 . e
i1 Fan

Notice that the functions are different than in the previous prob-
lem because the well runs from 0 to a rather than from —a to
a.

The expectation value for an operator A in the state i(z) is de-
fined to be

(A) = / 4 (2) A (z)da



The operators we need are x = z, p = —ih%, x? = 2% and
p’ = —hQ%. These can all be found in chapter 3 of the text. So
let’s rock some integrals!

2 [* . wnr . mnhx
(x,) = — | sin—xsin —dx
0

a a a
2 [ ™

= — rsin? ——dux
a J, a

2 [° 2
= —/ z (1 — COoS an) dx
aJo 2 a

2mn 2m™n a
a

(27n)?

( 1 a 2mnx |

(cos2mn — 1)

(I integrated by parts to get the fifth line)

But n is an integer, so cos 2mn = 1, the second term vanishes and
we're left with (x,) = a/2. The average position of a particle in
the well is the centre of the well. Not too surprising. Onwards!

2 [ d
(pa) = 2 / sin TE <_m_) sin T g
0

a a dx a

—2ih [* . wnx /TN T
= sin — ( — cos — ) dz
0

a a a a
—2ihmn (¢ . wnx ™
=—F sin —— cos —dx
a 0 a a
—2ihmn / “1 . 2mnx

0

dx

— sin
a? 2 a

_ —ihmn { a 27rnxr

5 COS

a 2mn a

0
ih

= — [cos2mn — 1]
2a

Again cos2mn = 1, so (p,) = 0. This completely makes sense.
If the particle is trapped in the well then by definition it isn’t
moving anywhere so its average momentum must be zero.
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a
o\ . TNXT o . TNT
<xn> = sin x*sin dx
a a
a
™mx
= 2% sin? ——dz
a

“ 2
7 (1 — oS an) dx
a

1 /¢ 2mnax
22 cos dx
0 a

a a 2
S / (27) sin e dx)
o 2mn J, a

e
S
2o
(o
S
|

QIR 2l 2N 2N

D)
e |

w| B S— S— 5— 5—

Q|

sin
2m™n a

1 <x2a . 2mnx

0

2 1 @ 2
-4 <O— —/ Z sin 7Tm[:dm)
3 ™ J a
a? 1 [ —za 2mnz | —a /“ 2N
= —+ — cos — cos dx
3 2mn a |, 2mn J a
a? n 1 —a? 2mn 0 a? ~ 2mnxl|®
= — 4+ — —— COS —— — sin
3 m™m \\2mn a (27m)2 a |,
a? a?
T3 omep2
1 1
= 2 —_ —
¢ (3 27T2n2)
And finally...
2 [ d?
(Ph) = —/ sin ( h?—— ) sin
a J a d*z a

—oh% [*  mnx ™n? | whx
= sin ———sin dx
a 0 a a a
oh2r2n? [ 5 TNT
=—F sin® ——dx
a 0 a
h2r2n? [ 2mnx
= 3 1 — cos dx
a 0
h2r2n? a 27m:1:
a 0 0

h2r2n? 2mnax |*
= 3 a — —sin
a ™ a |,
h27r2
= — (a—0)
a
h2r2
a2
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(b)

Both these expressions have the right units. The only scale given
in the problem is the length scale given by the width of the well
a. All momenta should therefore be proportional to i /a.

Let’s find the uncertainties:

B 1 1
V12 2nn?
And
Ap =1/ (p2) — (pn)”
h2 2,2
_ 7r2n _0
a
B hmn
a
So
1 1
AxAp = hrn 5 5200
B m™n2 1
N 12 2

By Heisenberg’s principle the uncertainty product AxAp must
always be greater than or equal to h/2. It’s apparent that the
minimum uncertainty product is minimal when n = 1 and then
AxAp =~ 0.57, so the result seems reasonable.

For trapped particles there is a relation between the momentum
uncertainty and the expectation value of the energy.

(E) = Ap?;ﬂ (p)*
By =SL



From the result of part (b), we have Ap = 0.57h/Az in the ground
state. The width of the in the ground state is Az ~ 0.18a.

(E) ~ 0.57%h”
~ 2mA (0.18222)
FLQ
EY~5.0
2 2ma?
The exact solution is
B h2r2n?2
2ma?
2
E,~4 9h—2
ma

So our approximation is good.

This question is somewhat vague, so any reasonable use of the
uncertainty principle to estimate energy is good for full marks.
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