1)

gram bisect each other. Consider the parallelogram FUKS (see
Fig. 19.5). Let the midpoint of PR be M, and the mid-point of OS

S R

Fig. 19.5

be N. Then writing P_é = a, (_QE = b we have

PN=PQ+0ON=PQ+30S (10)
— a+3(b—a) = 3(a+b). (1)

Similarly
PM = 1PR = (a+b). (12)

Consequently PM = PN; M and N are therefore the same point and
the diagonals PR, QS bisect each other.

2)
Example 2. To find the angle between the VEClors

r,=ititk, 1= —i+2j+3k (44)

Here |1, | =+/3, |r;|=4/14. Consequently

gL |
=ikl B e 7 e R
and
YRl T N e (46)
Jo2 J42



3)

Here
1
£, =—(@(+j+k),
e \/3 j+k)
1
£, = —i+2j+3k),
2 ﬂ J . )
whence
g, Al = :/——(1+]+k) A \/3 —i+2j+3k)
=L g A
J42 '
Now since by definition #; A £, = sin 0 fi, we have
|[#; ARy | =]sinf .
Using (61)
18, ARy | 2= 4—12(i—-4j+3k) . (i—4j+3K)
= (1+16+9) =25
42
Hence
| sin 0 | = 26 and cos@—_
42 V42

as before.
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4)
Example 4. To show that if three vectors a, b, ¢ satisfy the relation
a+b+c=0,thenaAb=DbAc=cAa.

This is easily proved by forming the vector product

(@+b+c)Ab=aAb+cAb=0. (66)
Hence

aAb=—-cAb=bAac. (67)

The other result follows in a similar way by taking the vector product
of a+b+cand c.



5)

and ¢, and a A (b A ¢) is perpendicular to b A ¢ (see Fig. 19.11).
To evaluate a A (b A ¢) we now write b A ¢ =f. Then by (55) the
x, y z components of f are

Az
ah(bAc) ¢ :
(3
0 >
y
X
Fig. 19.11
Fa=f By By (5 Lo ohy WBpi g e f et oo By [ 80)
€y € €z Cy Cx Gy
Consequently
an(dbarc)=anf=|i j k (81)
b v
L 5L L
= i j k (82)
i a, a
b, b, B b, B
[ & Cy o B
=i{a,(b.c,—b,c,)—a.(b,c,—b,c,)}
+j{az{ bycz = bzc}-) T ax(bxcy T brﬂx)} (83)

+ k{ ax(bzc.r" b.tcz) T ay(bycz L bz cy)}

=i{b,(a.c.+a,c,+a.c.)—c(a,b.+ab,+a.b,)}

+j{b.:l'(a$cr i ﬂ!{"? e az C._,) e c}'(axbx + ayb_].l + l';Iz bz)} (34)
+ k{ bz{axfx + aycy + I":'lz""‘.z} g Cz{a;bx + a}-bp + 'ﬂz bz}}
=(a.c)b—(a.b)c. (85)

Similarly we find
(aAb)Ac=(c.a)b—(c.b)a. (86)



6)

(a)e-(axb)=—c-(bxa)=—(bxa)-e=(bxa)-c
(byax(bxec)=bla-¢)—c(a-b)#ba-c)—a(b-c)=(axb)xc
(c)ax(bxe)=(a-ch)—(a-b)c, astandard result.

(d)(axb)-d=(axb)-(ra+pub)=Ailaxb)-a4+pu(axb)-b
=404 u0=0.
e)axe=bxe=(a—b)xe=0=a—b|c
= (a—b)-c=cla—b/=c-a—c-b=c|a—h|.
(f)(axbyx(cxby=bla-(cxb]—alb-(cxb)]
=hla-(cxb)]—0=b[b-(axc)=—=b[b-(cxa)
=b[b-{cxa).

Thus only (c), (d) and (e) are true.

7)

Direct substitutions and the expansion formula for a triple vector product (proved
in 7.9) enable the verifications to be made as follows. We make repeated use of
the general result (p < q)-p=0=(p x q)-q.

(a) a'a= % = 1. Similarly for b"-b and ¢-c.
a, b c
b b
(b) a'h= “[ XI:} T = 0. Similarly for a".c, b".a etc.
a, b ¢
() (o, b, '] = XU xd) x@x by
s [a, b, c]’
_a'-{[b-(exa)a—[a-(ecxa)b}
- [a b, c]’
I1[b,c,a]—0(a"-b ,
= Lh, ¢ a] ,{1 ), using results (a) and (b),
[a, b, c]”
~ Ta, bcl’
bh' < ¢ [b,c,ala—0b .
(d) , as in part (c),

[a. b, ¢']  [a b cl>[a.b. ]
=a, from result (c).



8)

, ] .
1. a. (L). F = ii{xyz} + J§§{WZ} + ki(wz] = iyz + jxz + kxy.

d

(ii). F = 1%{::2 + v+ 28+ j;};{xz + ¥ 4 2+ k(% + ¥+ 2f) =

= 2{ix + jv + kz).

dz

) .3 3,
{(iii). F = .Lax[x}r + Y& + XE8) + Jayij’ + ¥z + XRZ) + kazgxy + ¥z + xz)

ify + 2) + Jix + 2) + kiy + ).

(iv). P = i;—xﬂxz ~- 4z + ja%{s::“ - 4z%) + k%mxz - 4z%)
= fix — Bk=z.
(V). F = 3 9

= —ie¥siny + je “cosy

b. Using f = x° + y° + z!, we have F

= Z(ix + jy + kz). For the sgquare path

shown in the figure, z = 0 so0 §F-Ed5 =
c

2§{xdx + ydy). On C, ¥ = 0 so jF-Eds = G
C ]

- , 0 d  _a .
— x x 3 —_— R‘
axf_e siny) + 3j a?{e siny) + kaz{e siny)

Ca (1,1}

LT

ijdx = 1. On C; dx = 0 so fl-"-i;ds -~
Cz

1 i D
ZI?dy = 1. On Cydy = 0 so J F-tds = 2jxdx

C
o ! 1

L]
EJ'grdy = -1. Hence }F-Eds =1 +1-1-=1=0.
c
1




3 %3
(). 3. Y2 + agxz + azxy = 0.
(c). ai:e‘“ + }':'Iye_? + E?z - e+ e ¥ + e7F,
J J 3 o
{d], axl + ay{"aj + azz = 2Z=z.

(£}. ei Yt 4+ ¥yt =0,

o -

d ¥ o X
Ry, S| ¥ da| x| _
(h) B‘x[ Vad + ¢ ] N E}r[a.f.- %2 + yz}

9)b)

15. (a). In the following we evaluate the function at the center of

the relevant face of the cube. ‘

Ss 5,
on 8, F'i = Prd = ixy + s/2)? ; ==

on S, F-& = -F-i = -(xg - s/2)°
On S, F'A = F-j = iyg + s/2)? | GOVB2O)
on S, F-& = -F-§ '= ~{y, - s/2)° !
on S; F-A = Fk =-(zy + 5/2)
on ¢ F-h - -F-k = -(zo - 5/2)

By

CONT NEXT PAGE



Hence i[ F-f d3 + i[ F-i ds = szuxn + 8/2) - (% - /2] = 2x¢33,
B -]

with analogous results for the othe two pairs of faces. Hence

lra o

28(xy + vo + Zg)s

[}

9)c)

{b). The volume of the cube is V = s’ =0

28%(x, + yg + 2Zg)

{lf"u"]J]F-ﬁ ds = 3 = 2(x; + ¥g + Zg).
s s

By definition this is V-F at (%,,¥q,2; and it agrees with Prob.

II-l4{a). [Mote that there is no need to calculate the limit of this
expression as s — 0 since the result is independent of s.]

10)a)
i 3 k
a. dfdx didy d/fdz = 2(—iy + jz + kx).
. Ky
i i k
b. d/dx dfdy dfdz | = 5jx.
3xE ] —x?
i 3 k
c. dfdx dfdy d/fdz = ie™® + je™ + ke,
e¥ eF g
i 3j k
d. didx d/dy d/fde = i(x - %)+ J(y - y) + kiz — z) = 0.
¥z XZ Xy
i j k
e. d/dx dfdy d/dz = -ix - jy + 2kz.
-yz xz 0




i i X
£. didx dfdy d/fdz = 2iiy - ix).
% y x4yt
i j k
q. didx d/dy d/dz = iz — kx.
xy ¥ yz
i j k
h. d/ox ofdy o/dz where D = (x° + y° + z9)¥*
=D y/D =/D

The x component of this is

dz dy _ __ 3yz 4 3yz =0
dy D zD (%% + y? + 292 (= + y° + 2972 .
The other two components yield 0 in the same way.
10)b)
¥
4. a. jF"E ds = jzzds = 0 (because =z
1 Cy Ca
= [ on ':1].- (%4 .y .Zg)
A a5 o ci * ] ':E‘
F-t da = | x°ds = (x, + s/2)"s,
2 Ca
. c,
JF-t ds = —j z°ds = 0 (because z = 0
Cz 3
on C,), and
_[ Ft ds= —j x'ds = —(x, — s/2)%s.
g Oy
Combining these results we find
;r-i: ds = [(xy + 8/2)% — (%, — 8/2)]s = 2x,s’.
i



10)c)

b. &Since the area of the square is s we get

Elzﬁr-{-. ds = 2xy = (k'V % Flg v 2+ (NOote that there 1s no
need to take the limit as s —» 0 because our result, 2x; 1is

independent of s.) This result agrees with Prob III3—(a).

Prob 1113-(a) is 10)a)



