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Abstract
Theconceptof the“statisticalsignificance”of anobservation,andhow it is used
in particlephysicsexperimentsis reviewed.Moreproperlyknown asa “p-value,”
thestatisticalfoundationsfor this conceptarereviewed from a frequentisticper-
spective. Thediscovery of the top quarkat theFermilabTevatronCollider anda
morerecentanalysisof datarecordedat Fermilabareusedto illustratepractical
applicationsof theseconcepts.1

1. What Particle PhysicistsMean by Significance

Whenoneof your colleaguesapproachesyou anddeclaresthat shehasmadea “significant” observation,
intuitively thatmeansthatshehasobserved somephenomenawhoseinterpretationallows her to eliminate
or falsify oneor morehypotheses,andusuallysupportoneor a small numberof alternative hypotheses.
We furthermoreexpect that the observation hassufficient statisticalpower that we expect that additional
observationsare unlikely to changetheseconclusions. Scientistshave thereforeattemptedto identify a
consistentstatisticalframework in whichwe canquantifythis conceptof “significance.”

In particlephysics,this conceptof statisticalsignificancehasnot beenemployedconsistentlyin the
mostimportantdiscoveriesmadeoverthelastquartercentury. Examplesof themajordiscoveriesmadeover
anapproximately10 yearperiodbetweenthelate1970’s andthelate1980’s illustratethispoint.

Let us considerfirst the discovery of the
�

meson(andthe � quark) in 1977by L. Ledermanand
colleagues[1]. This wasmadethroughtheobservationof ������� final statesin high-energy proton-nucleus
collisionsatFermilab,wherea largeresonantsignalwasobservedon topof asteeplyfalling backgroundof
dimuoncandidates.Theexperimentersestimatedthat they observed a signalof approximately770events
on top of a non-resonantbackgroundof 350candidates.They characterizedthesignalas“significant” but
madenoattemptto quantifyor explainexactlywhatthey meant.

The discovery of the �	� bosonat CERN in 1983by the UA1 collaboration[2] wasmadeby ob-
serving6 eventsproducedin proton-antiprotoncollisionswherea high energy electronor antielectronwas
observedin coincidencewith asignaturefor a recoilingenergeticneutrino.Thecollaborationestimatedthe
backgroundto these6 eventsasbeing“negligible” andclaimeddiscovery of the expectedchargedweak
intermediatevectorboson.Thisobservationwassubsequentlyconfirmedby theUA2 collaboration.

The discovery of 
 mesonsin 1983 by the CLEO collaboration[3] was performedby carefully
reconstructingavarietyof differentdecaymodesandillustratinganinvariantmasspeakat5.4 �
��������� . The
collaborationobserved a total event rateof 17 eventson a backgroundof between4 and7 events. They

1To be publishedin the proceedingsof the conferenceon “AdvancedStatisticalTechniquesin Particle Physics,” Durham,
England,18-22March2002.



claimeddefinitive observationof a new particle,but madeno statementthatquantifiedthestatisticalpower
of theobservation.

As a final example,I notethediscovery of 
�� mesonflavour mixing in 1987by theARGUScollab-
oration[4]. Theexperimentersobserved ����������� ��!��#"$��� unexpectedsame-signdileptoneventsversusa
total of �&%$���'�(%$�*)
�("$��� opposite-signdileptoncandidates.They characterizedthisasa “3 + ” observation,
namely, thattheprobabilitythattheobservednumberof same-signdileptoneventscouldhavebeenasgreat
or greaterthantheobservedvaluewasequivalentto theprobabilityof aGaussianstatisticbeingobservedat
least3 standarddeviationsfrom its expectedmean(aprobabilityof ,-��"&%/.0,�) �21 ).

This brief review illustratesthatquantifyingthestatisticalsignificanceor power in seminalparticle
physicsmeasurementsis not uniformly done.It alsoillustratesthat in at leasttheonecasein which it was
done,thesignificancewasdefinedastheprobability2 of the“null hypothesis”having beenresponsiblefor
theobservation.

In thispaper, I will first review briefly theformal conceptof “statisticalsignificance.” I will thendis-
cussseveralexamplesthatillustratetheuseof thisconceptin particlephysics.I donothave theopportunity
to review all of the techniquesthat have beenin recentuse,but refer the readerto otherarticlesin these
proceedings(for example,thereview of the 35476 methodby A. Read).

2. Formal Definitions of Significance

2.1 The FrequentistsPerspective

Theconceptof statisticalsignficanceis formally introducedin thecontext of hypothesistesting[5]. Suppose
that we have two hypotheses,8 � and 8:9 , anda measurementwhosevalue is a test statistic ; that, as
a randomvariable,provides somediscriminationbetweenthesetwo hypotheses.Let < � = ;?> and < 9 = ;?>
representtheprobabilitydistribution functionsfor ; associatedwith thetwo hypotheses.

Prior to makinga measurementof ; , we would identify a “critical region,” @ , suchthatwe would
selecthypothesis8:9 if ;BAC@ and 8 � otherwise.We now have four possibleoutcomeswhenwe make a
measurementof ; . If ;DAE@ andthehypothesis8:9 is true,thenwe have selectedthecorrecthypothesis.
If ;FAG@ and 8 � is true,thenwe have incorrectlyconcludedthat 8:9 is true.This is known asamistake of
thefirst kind, andtheprobabilityfor thisdecisionisH�I'JLK < � = ;?>$MN; O PQ� (1)

Theprobability P is known asthe“significance”of thetest.

We have two otherpossibilities.Thefirst is if we measure;SRAE@ when 8 � is true. In this case,we
would have madethe correctinference.Finally, we have the casewhere ; RAT@ and 8U9 is true. This is
known asamistake of thesecondkind, andtheprobabilityfor thatdecisionisH I�VJLK < 9 = ;E>$MN; O WX� (2)

The probability ,ZYTW is known as the “power” of the test. The situationis illustratedin Fig. 1a). The
significanceP is thereforea measureof theability of a testto avoid mistakesof thefirst kind, whereasthe
power ,[Y\W measurestheability of a testto avoid mistakesof thesecondkind. In definingan“optimimum”
test,onewould like to choose; andtheregion @ suchthat P and W areassmallaspossible.

2Unlessotherwisenoted,“probability” in this articlerefersto thefrequentistdefinitionof thisconcept.
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Fig. 1: A schematicof thehypothesistestdescribedin thetext is shown in a). Theplot shows theprobabilitydensitiesfor r under

thetwo hypothesessut and s'v andonepossiblechoicefor theregion w . Theuseof theNeyman-PearsonTheoremis illustratedin

b), wheretheratio xzy is plottedasa functionof r .

2.2 Significancein Particle Physicists–The P-Value

Thestatisticaldefinitionof significanceis madein thecontext of choosingbetweentwo hypotheses.How-
ever, theuseof significancein particlephysicsdiscoveriesis in a differentcontext. Thetypical caseis that
anexperimentmakesa measurementof the teststatistic ; , say ; � . Furthermore,usingthesamenotation
asbefore,we assume; hasa probabilitydensity < � = ;E> if thehypothesis8 � is true. We furtherassume
thatwe cancategorizeobservationsof ; into thosethataremoreandlessconsistentwith 8 � (for thesake
of discussion,I will assumethatvaluesof ; greaterthan ; � arelesslikely given 8 � ). A measureof the
inconsistency of theobservedvalue ; � with thehypothesis8 � is thentheprobabilityH I|{}I t < � = ;E>$MN;~� (3)

This is formally identicalto thedefinitionof thesignificancein Eq. 1 if we now definethecritical region
to be @�OD��;�� ; ��; ��� , i.e. the probability of observinga value of ; equalto or greaterthan our
observation. This probability is formally known asthe “p-value” of theobservation,a conventionthat the
ParticleDataGroupnow hasadopted[6]. Theadvantageof usingtheformal termfor thisquantityis thatit
avoidsconfusionwith theconceptof significancedefinedin hypothesistests,wheretheregion @ is defined
a priori, i.e. beforethemeasurementis made.

Thep-valuefor agivenmeasurementandaspecifichypothesishasanumberof features.First, it only
dependson themeasurementandthe probabilitydensityfor thehypothesis.It is not a hypothesistest. It
only providesa measureof theconsistency of thehypothesisandthemeasurement.In thatsense,it is most
oftenquotedwhenonehasmadea measurementthatappearsto beinconsistentwith asinglehypothesis.A
very smallp-valueis thenusedto supporttheinferencethatthespecifichypothesisshouldberejected.

Referringthento the exampleof the discovery of 
 � mixing given in Section1, we cannow say
that the p-value for the observation for the non-mixinghypothesiswas ,-��"&%~.�,�) �21 . From a frequentist
perspective, if onerejectedthenon-mixinghypothesisat thisp-valueandit wasalwaystrue,thenonewould
expectto bewrong(i.e., rejectthecorrecthypothesis)on average1 outof every 740times.



2.3 A FewMore Commentson HypothesisTesting

Although the literatureusesthe p-valueof an observation asa measureof its statisticalsignificance,the
conceptof hypothesistestingis an importantonein particlephysics. Oneseesit mostoften usedin the
context whereone is designingor proposingan experimentandwishesto characterizethe experiment’s
ability to distinguishexistingandknown physicsphenomena(suchasthatpredictedby theStandardModel)
from possiblenew physics[7].

In thosecases,a crucial aspectof the experimentdesignis the selectionof the optimal statistic ;
and the optimal critical region. For a specificmeasurement,suchas the observation of a processabove
someexpectedbackgroundrate,thechoiceof ; will dependon themeasurementandtheingenuityof the
experimenter. Onewould like to identify teststatisticsthathavequitedifferentprobabilitydensityfunctions
for thehypothesesyou wish to distinguishin orderto be ableto definea critical region with the smallest
possible P and W . At the sametime, the decisionshouldbe informed by the effect of any systematic
uncertaintiesthatmaydegradetheseparationbetweentwo hypotheses.To thatextent,oneoftenattemptsto
identify statisticsthatarenotexpectedto beaffectedby systematicuncertainties.

2.4 Neyman-PearsonTheorem

Hypothesistestinghasanextensive literature,but relatively few generalresultshavebeenidentifiedthatcan
guideour judgement.Oneresult,known astheNeyman-PearsonTheorem,is surprisinglyuseful,andit is
worth reviewing herefor theinsightit provides.

Supposewe have two hypotheses,8 � and 8 9 , andwe have defineda teststatistic ; . Thenfor a
given significanceP , we candefinethe region @ which givesus optimal W (i.e., the smallestvalueof W
andthereforethegreateststatisticalpower) by choosing@ asfollows. Wefirst form theratio of probability
densityfunctionsfor thetwo hypotheses ��� = ;E>�� < � = ;?>< 9 = ;?> � (4)

The Neyman-PearsonTheoremthenconcludesthat the optimal region @ is theoneover which

��� = ;E> is
maximal,namelythatwe find thevalue ��� suchthatwhen@�O���;�� ��� = ;E>���� � �N� (5)

theprobabilityof observing;�AU@ is H I|J�K < � = ;E>�M�; O PX� (6)

Thisconstructionis illustratedin Fig. 1b).

TheNeyman-Pearsontesthasonesignficantlimitation–it is only valid for whatareknown as“simple
hypotheses,” or hypotheseswherethereareno unknown parametersthatwould beestimatedfrom thedata.
In addition,sinceit is onlyapplicablewhencomparingtwohypotheses,it cannotbeemployedin caseswhere
youhave multiplealternative hypothesesto consider. However, despitetheselimitations,this theoremgives
us considerableinsight into the definition of the critical region. For example,we can relatethe ratio of
probabilitiesto theratioof likelihoodsof thetwo hypotheses:��� = ;E>�� < � = ;E>< 9 = ;E>�� 4 � = ;E>4�9 = ;E> � (7)



where 4X� = ;E> arethe likelihoodfunctionsdefinedfor the two hypotheses�'O�) and �'O�, . This suggests
that thelikelihoodratio is onesourceof guidancefor definingcritical regionsthathave significant(though
perhapsnotoptimal)power.

3. The BayesianPerspective

Our considerationsup to this point have beenfrom a frequentistperspective, usingthestandarddefinition
of a frequentistprobability. In calculatingap-valuefor ameasurement,onehasto assumeahypothesisand
thendeterminetheprobability(or probabilitydensity)for all possibleoutcomesof themeasurement.

A Bayesianstatisticiandoesnot considerdataother than the single measurement.However, for
eachhypothesis,theBayesiancoulddefinea credibility interval that reflectshis or herdegree-of-beliefin
eachhypothesis,andtheratio of thesecredibility intervals–whatis calledthe“Bayesdiscriminantfactor”–
becomesameasureof therelative confidenceonehasin thetwo hypothesis.Formally, this ratio is� = 8 � � ;E>� = 8:9�� ;E> O 4 � = ;E>4�9 = ;E> �� � = ;E>� 9 = ;E> � (8)

where� � = ;?> and � 9 = ;?> aretheprior probabilitiesassociatedwith thetwo hypotheses.

This ratio canbe usedto rejectoneof the two hypotheses.The Bayesianswould argue that there
is no benefitin attemptingto make anything but a relative statementaboutthedegree-of-beliefof the two
hypotheses.Thus,thereis no direct analogyto thep-valuein this framework. Theadvantageof this per-
spective is that it avoidstheneedto understandtheprobabilitydensityof all possibleoutcomesfor a given
hypothesis.It alsohastheadvantagethatany inferencesyou draw arelesssensitive to anoutcomethathas
a low probability regardlessof the hypothesis.In suchcases,the Bayesdiscriminantfactorstill provides
information,whereasthep-valueis no longervery informative andcouldin factbemisleading.

Thedisadvantageswith this Bayesianapproachare,however, thatonehasto assumeprior distribu-
tions for eachhypothesis,andoneis only allowed to make relative confidencestatementsabouttwo hy-
potheses.For thesereasons,onefindsvery limited useof theBayesdiscriminantfactorin particlephysics.

4. P-Valuesand Experimental Design

The definition of significancein termsof a p-value for an observation immediatelymakes clear the im-
portanceof a priori decisionson the randomvariablesonewill measureand how onewill definethose
observationsthat preferonehypothesisover another. A carefullydesignedexperimentwill identify these
andoptimizetheir choicebeforeany datais analyzed.

However, many particlephysicsexperimentsmake uniquemeasurementsusinggeneral-purposeap-
paratusdesignedto studya largeclassof processes.Thus,it is difficult, andoftenimpossible,to anticipate
whatonewill observe andhow. In fact,earlystudiesof thedatawill oftenguidetheexperimentersto focus
in specificfeaturesthatappearunusualor unexpected.In thiscontext, theevaluationof ap-valuemayprove
very difficult.

A simpleexampleillustratesthis problem. Supposeonemeasuresan invariantmassspectrumin a
specificregion, say �  E9 �   �¢¡ , andoneobservesa narrow enhancementin a small massinterval, say £¤ 
wide,of ¥Z¦ eventsabove anexpectedbackgroundof ¥�§ events.In this case,it would benaturalto assume
thatthehypothesiswe wish to testis the“null” hypothesiswherewe expect ¥�§ eventsin this massinterval£¤  andthendeterminetheprobabilityof observingat least ¥ ¦ events.Assumingthatthebackgroundrate



is well known (andsowecanignoreits uncertainty),thep-valuefor thisobservationwouldbegivenby the
Poissonprobabilityfor observingat least¥�¦ eventswhenthemeanrateis ¥�§ , orP¨O ©ª«-¬ � ­ ��®°¯ = Y±¥�§z> = ¥�§²> «³µ´ � (9)

However, this probabilitydoesnot take into accountthefactthatwe areconsideringall possiblechoicesof
massinterval £¤  in theregion �  E9 �   �¢¡ .

A properestimateof this p-valuewould thenhave to includethe likelihoodof observingat least ¥Z¦
eventsin any possibleinterval £¤  . This increasesthep-valueof theobservation,andchangesthepossible
inferencesonecanmake. For example,a MonteCarlocalculationwhere ¶·  is 1% of theinterval, ¥ ¦ O¸�
eventsand ¥Z§
O¹,�)&) (i.e., theaveragenumberof eventsin any ¶·  interval is one)givesa p-valuethat is
500timeslargerthantheresultin Eq.9.

4.1 Blind Analyses

Theprevalenceof thep-valuein makinginferencesrestson theassumptionthatit is possibleto estimatethe
frequency of all observationsof theteststatistic,andthat it is possibleto identify theclassof observations
that arelessconsistentwith a given hypothesis(the critical region in the languageof hypothesistesting).
This is inherentlydifficult in caseswhereoneallows the definition of test statisticandcritical region to
dependon the actualexperimentaloutcomeitself. A tactic to eliminatesuchbiasis the “blind analysis,”
whereonedefinesthecritical region andthestatisticwithout knowledgeof therelevantdata[8].

The ideal experimentis onein which the measurementandany calculationof its p-valuedoesnot
have to beinformedby thedataitself. No choiceswith regardto selectionof data,modificationsin thetest
statisticor choiceof critical region would thenbeallowedoncedatacollectionhasstarted.This approach
avoidsthepossibilityof selecting,consciouslyor unconsciously, acritical regionor teststatisticthattendto
favour or disfavour a givenhypothesisbased on the data observed.

A numberof celebratedfailuresof inferencein particlephysicsover the last half-centuryillustrate
whathappenswhentheexperimenterallows thedatato guidehis or herchoicesin makinginferencesabout
data[8]. In all thesecases,the quotedp-valuehasbeenassessedincorrectlybecauseit hasfailed to take
into accounthow thefrequency of a givenobservation would beaffectedby makingchoicesaboutthetest
statisticandcritical regionbasedon theactualdistribution of thedataitself.

4.2 Useand Limitations of Blind Experiments

Thesimpleexampleof “bump hunting” illustratesthe fundamentalproblemin particlephysicswhereone
is searchingfor evidenceof new phenomena;it is inherentlydifficult to identify a priori what classof
observationsonewould expect to usein sucha search. Besidesthe difficulty of defining in advanceall
possiblemeansof separating“signal” from “background,” it is alsodifficult to limit accessto datawhenone
alsohasto verify thattheinstrumentationis workingcorrectlyandthatany artefactscreatedby effectssuch
asmiscalibrationanderrorsin bookkeeppingareidentifiedandmitigated.Theexperimentdesignalsohas
to allow theexperimenteraccessto thedatato measuretherateof backgroundeventsin thesignalsample.

Despitethesechallenges,theeliminationof certainbiasesthatareotherwisedifficut to controlmake
ablind analysisanattractive approachgiventhebenefitsof beingableto make straightforwardestimatesof
p-valuesfor thepossibleoutcomes.This techniqueis reviewedin anothercontribution to theseproceedings
[8].



5. P-Valuesin a Counting Experiment

5.1 GeneralConsiderations

A commonparticlephysicsexperimentinvolvesthesearchfor new phenomenaby observingauniqueclass
of eventsin particleinteractionsthatcannotbedescribedby backgroundhypotheses.Oneusuallycanreduce
this problemto that of a “counting experiment,” whereoneidentifiesa classof eventsusingwell-defined
criteria, countsup the total numberof observed events, ¥ ¦ , andestimatesthe averagerateof events, ¥�§ ,
thatcomefrom thevariousbackgroundprocesses.Onecanthenperforma straightforward estimateof the
p-valueof a givenobservation of ¥Z¦ events,assumingthat theprobabilitydensityfor therandomvariable¥�¦ follows aPoissondistribution, i.e. theformulain Eq.9.

Thereareseveral issuesthateven this simpleproblemhasto address.First, onehasto besurethat
thecriteriausedto selecttheclassof eventswasnot in itself biasedby how ¥�¦ variedasthecriteriawere
modified.Hereis whereablind analysishasits greatestbenefit,sincethisbiasis explicitly guardedagainst.
Second,onehasto take into accountpossibleuncertaintiesin the estimateof the backgroundrate ¥�§ . It
is beyondthescopeof this article to discussthis issue,andthe interestedreaderis referredto thegrowing
literatureonthistopic[9] (atypicalfrequentistapproachis to extendtheensembleof possiblemeasurements
to includethoseexperimentswith differentvaluesof ¥Z§ consistentwith theknowledgeof ¥�§ ). Third, the
carefulexperimenterhasto makesurethatall informationrelevantto thesearchis usedin themeasurement.
It is at bestinefficient andat worstmisleadingto ignorerelevant data(for example,a possiblechannelin
which thenumberof observedeventscanprovide additionalinformationon theprocessbeingstudied).

As a concreteexampleof thecalculationof a p-valuefor a typical countingexperiment,I will sum-
marizethetechniquesusedby theCDF andD0/ collaborationsin their searchfor topquarkproduction.

5.2 The Top Quark Search

The top quarkwasdiscoveredby pair-productionin proton-antiprotoncollisionsat an energy of 1.8 TeV
[10, 11]. The top quarkdecayspredominantlyvia the processº�» �¸� , with the � bosonsubsequently
decayingeither leptonically via � » ¼¾½-¿ (where“ ¼ ” canbe eitheran electron,muonor tau lepton) or
hadronicallyvia � » ÀÂÁÀ�Ã (the quarkfinal statesareeither Ä ÁM or �NÁÅ ). This resultsin threecategoriesof
possiblefinal stateswith differenttopologies,efficienciesandbackgroundrates:

1. thelepton+jetschannel,involving onehigh energy lepton,a neutrinoandthreeor morejetsfrom the
hadronicdecayof the � andthe � quarks,

2. thedileptonchannel,involving two highenergy leptons,evidencefor two neutrinos,andtwo or more
jetsfrom the � quarks,and

3. thehadronicchannel,involving at leastsix jets.

In both experiments,one had to useadditionalcriteria to improve the signal-to-noiseratios in the final
candidateeventsamples.For CDF, themosteffectivewayto dothiswasto requireevidencethatat leastone
of the jets arosefrom a � quarkusingtwo different“b-tagging” techniques.Thus,onecould characterize
the final statesby the numberof � tags,with the eventswith oneor two � tagshaving increasingpurity.
For D0/, themosteffective way to reducebackgroundswasby imposingmorestringentkinematiccriteria(a
topologicalselection)andusingsoftmuon � -tagging.

Thesearchesuseddatasamplesof increasingsensitivity. Thefirst reporteddatacameaftertheCDF
andD0/ collaborationshadrecorded19.6and15.0 ¯}Æ � 9 , respectively [12, 13]. At thattime,theexperiments
hadnot completedanalysisof thehadronicchannels,whichwereexpectedto bedominatedby background.



FinalState Observation ExpectedBackground Ç�. Efficiency ExpectedSignal
(events) (events) (events)

CDF
Lepton+ Jets(SVX � -tags) 6 �$��"|�()°��" 0.015 �$�È�
Lepton+ Jets(Soft lepton � -tags) 7 "$�É,Ê�()°��" 0.012 ,-��Ë
Dileptons 2 )°��!|�()°��" 0.008 ,-��"

D0/
Lepton+ Jets(Soft lepton � -tags) 2 )°��!|�()°��� 0.009 ,-�*)
Lepton+ Jets(Topology) 4 ,-���|�()°��Ë 0.026 �$���
Dileptons 1 )°���|�()°�É, 0.007 )°�Ì�

Table1: Theobservednumberof top quarkcandidates,theexpectedbackgroundrate,theoverall branchingratio timesefficiency

for thechannel,andtheexpectednumberof signaleventsassuminga topquarkwith a massof 160 Í[ÎÐÏ Ñ²ÒzÓ for eachfinal state.

FinalState P-Value
CDF

Lepton+ Jets(SVX � -tagging) 0.032
Lepton+ Jets(Soft leptontagging) 0.038
Dileptons 0.012
Combined 0.0026

D0/
Combined 0.072

Table2: The p-valuesdeterminedfor the observed event ratesassumingthe StandardModel backgroundprocessesby the CDF

andD0/ collaborations.The D0/ collaborationonly reporteda p-valuefor the observation of 7 candidateeventswith an expected

backgroundof Ô·Õ ÖØ×\ÙÚÕ�Ù events.

Theresultsof theseanalysesaresummarizedin Table1, wherewe list thenumberof observedevents,the
estimatedbackgroundrates,andthebranchingratio timesefficiency of observinga º º decayin eachmode.

Thecollaborationsevaluatedthestatisticalsignificanceof their databy usingaMonteCarlocalcula-
tion to estimatethefrequency that theexpectedbackgroundprocesseswould createa combinedsignalthat
wasat leastaslargeasthatobserved.TheMonteCarlocalculationcreatedanensembleof experimentsthat
modelledthe possibleobservationsin all channelsassumingthe StandardModel backgroundhypothesis.
For a given channel,theestimatedbackgroundratewasusedasthemeanof a Poissondistribution of ob-
servedevents.In orderto accountfor uncertaintiesin thebackgroundrate,themeanvalueusedto generate
a new memberof theensemblewasobtainedby samplinga Gaussiandistribution with themeanandwidth
of theestimatedbackgroundrate[9]. Theresultsof thesep-valuecalculationsaresummarizedin Table2.
Thecollaborationsconcludedthattheindividualobservationsdid notprovidesufficientevidenceto exclude
thebackgroundhypothesis.

The collaborationsproceededto determinehow likely their setof observationswereassumingthe
backgroundhypothesisby identifying a statisticthatcombinedtheobservationsin theindividual channels.
In the caseof a countingexperimentinvolving several channels,the maximumlikelihoodestimateof the
rateof theprocessis simply thesumof theeventratesin eachchannel.Thus,thenaturalstatisticto evaluate



the combinedsignificanceof the observationswasthe observed sumof eventsin all channels.However,
theCDF collaborationnotedthat themostsensitive measureof thecrosssectionwasnot thetotal number
of observed eventsin their sample,but thetotal numberof observed � -tags(sincetherewasa muchlarger
probability of observingtwo � -tagsin a signalevent thanin an event from a backgroundprocess).Thus,
CDFchoseasits statisticthesumof thenumberof � -tagsin thelepton+jeteventscombinedandthenumber
of dileptonevents.SincetheD0/ datareliedlesson � -tagging,thecollaborationchoseto usethetotalnumber
of observedevents.

The calculationof the p-value of the observation assumingthe backgroundhypothesiswas per-
formedby aMonteCarloprocedurethateffectively createdasetof “pseudo-experiments.” In eachpseudo-
experiment,thenumberof � -tagsanddileptoneventsfrom thedifferentbackgroundsourceswasdrawn from
a Poissondistribution thathadasits meanvaluetheestimatedbackgroundratefor theprocess.Theuncer-
tainty in thevariousbackgroundcomponentswastakeninto accountasdescribedabove,aswasthecorrela-
tion in thedifferentbackgroundsources.This correlationarosefrom thefact thata numberof background
sourcescontributedboth typesof � -tags,whereasothersdid not. In effect, this increasedthe frequency of
observinga largernumberof � -tags(sincenow thefluctuationsin thetwo componentswerecorrelated).

Theresultingp-valuesaresummarizedin Table2. Oneseesthat thesinglemostsignificantp-value
was �$��!U.�,�) �21 . If onehadnot taken into accountthe correlationsbetweenthe backgroundsources,the
combinedp-valuewouldhavebeen,-��!�.Û,�)$�21 , orafactorof almosttwosmaller. Alternatively, thecombined
p-valuedeterminedby just countingeventswould have beenapproximately,�) � � . This demonstratesthe
sensitivity of a p-valuecalculationto theapproximationsusedto determineit. Given all this information,
both experimentsconcludedthat theobservationswerenot sufficiently compellingstatisticallyto exclude
thebackgroundhypothesis.

5.3 SignificanceRequired for Discovery

In the searchfor the top quark,the CDF andD0/ collaborationsarguedthat observationswith p-valuesof
order ,�) �21 werenot sufficiently significantto beusedto claim discovery of a new phenomenon.Although
this is clearly a matterof opinion, it is roughly consistentwith the practicein the field, wheretypically
the “ %-+ ” standardis usedasrough rule of thumb to definethe sensitivity necessaryfor discovery. This
correspondsto a p-valueequivalentto between%$�Ì�Ü.Ý,�) �ßÞ and �$���à.Ý,�) �ßÞ , dependingon whetheryou are
searchingfor adeviation from ameanor aone-sidedfluctuationfrom themean.

As a concreteexample,the two Tevatroncollaborationsusedan identicalanalysisprocedurewhen
approximatelya factorof two moredatahadbeenrecordedby bothexperiments.Theresultingp-valuesof
theCDF andD0/ observationsassumingthebackgroundhypothesiswere ,¤.(,�) �2á and �\.(,�) �2á , respec-
tively [10, 11]. Bothexperimentsconcludedthatthebackgroundhypothesiscouldbeexcludedandclaimed
observationof topquarkpairproduction.

6. P-Valuesfor Continuous TestStatistics

High-energy physicsmeasurementsoften examinestatisticalvariablesthat are continuousin nature. In
fact,to identify asampleof eventsenrichedin thesignalprocess,oneoftenimposesselectionrequirements
on suchcontinuousvariables.Often, it is importantto take into accountthe entiredistribution of a given
variablefor asetof events,andnot justwhethertheeventslie in agivenrangeof values.

Thegeneralproblemcanbeposedin the following way. Supposewe have a setof eventdataeach
characterizedby asetof statistics â;Ü� , where�[Oã, to ¥ . In addition,onehasahypothesisto testthatpredicts



thedistribution of â; , say < = â;Cä âP�> , whereweassumethis functionto benormalizedto unity between;ÜåÊ� «
and ;Üå7æzç , theminimumandmaximumvaluesof ; , and âP is a setof parametersthatareeitherknown or
estimateddirectly from thedata.Thenthegeneralproblemis to defineastatisticthatgivesameasureof the
consistency of thedistribution of datawith thedistribution givenby thehypothesis.

6.1 PossibleTools

Themostwidely usedsuchstatisticin the1-dimensionalcaseis a form of a “runs test,” whichcomparesthe
predictedcumulative distribution è = ;?>QO H II[éÂê�ë < = ; Ã >$MN; Ã (10)

with theobservedcumulativedistribution ì = ;E> . Themostcommontestis theKolomogorov-Smirnov (K-S)
test[14], whichmakesthiscomparisonby first finding theK-S distance¶5O#íàî�®'�°� è = ;E>µYCì = ;E>�� � ;�A = ;ÜåÊ� « � ;Üå7æzç > �Q� (11)

namelythelargestdifferencebetweenthetwo cumulativedistributions.Thisteststatistichasacharacteristic
distribution thatcanbecalculatedanalyticallyto provideonewith ap-value,specificallytheprobabilitythat
onewouldobserve avalueof this teststatisticaslargeasor largerthantheobservedvalue.

TheK-S testgivesadistribution-freemeasureof theconsistency of a1-dimensionalcontinuousvari-
ableandis oftenusedin theparticlephysicsliterature.Althoughthereareanumberof otherteststhatcould
beusedin thiscase,all with similarproperties[15], theK-S testhasbecomeareferencestandardto employ.

6.2 Extensionto Higher Dimensions

The K-S test (and other runs tests)are in principle limited to 1-dimensionaldistributions, but thereare
extensionsto thecaseof severaldimensions,thoughwith a numberof restrictions.Theextensionrequires
oneto assumethattheprobabilitydistribution predictedby thehypothesiscanbefactorized,sothat< = â;E>QO�< 9 = ;:9¢>Ð< � = ; � >ßï�ï�ï�< « = ; « > � (12)

where³ is thenumberof continuousvariablesbeingcompared.This in effect requireseachof thevariables
to be uncorrelated,a strongassumptionandonethat hasto be verified in practice.With this assumption,
however, onecanthendefinea setof independentstatistics¶¢� , �5Oð, to ³ , andtheassociatedp-valuefor
eachobservedK-S statisticñ � . Thenonecancombinetheseindependentp-valuesinto a singlemeasureof
significance.

6.3 Example: CDF “Superjets”

A concreteexampleof this techniqueis a recentanalysisof hadroncollider dataperformedby the CDF
collaboration.A studywasperformedof eventsthat wereconsistentwith the productionof oneor more
hadronicjetsanda � bosondecayingto a lepton-neutrinopair. Thecollaborationdefineda subsampleof
theseeventswhereat leastonejet wasidentifiedasa“superjet”,namelya � -quarkcandidatejet with boththe
presenceof a secondaryvertex in thejet displacedfrom theinteractionvertex andthepresenceof a second
leptonassociatedwith thejet consistentwith comingfrom thesemileptonicdecayof a � hadron[16].



Thecollaborationfound13 sucheventsin the1992-96TevatronCollider data,wherethey estimated
thatthey wouldhaveexpected���È�7�E)°��! eventsfrom StandardModelbackgroundsources.Thisobservation
hasa p-value of 0.001, treatingit as a countingexperimentand using the techniquesintroducedabove.
The authorsthenproceededto examinenine separatekinematicvariablesthat haddistributions that were
predictedto be largely uncorrelated,but that might distinguishbetweenthe StandardModel backgrounds
andavarietyof exotic sourcesof events.A typicalexampleof suchacomparisonis givenin Figure2,where
theobserveddistribution of theleptonpseudorapidity( òà�ãYGóõôÊözî&ô =¾÷ �-�N> , where

÷
is theangleof thelepton

relative to theincomingprotonbeamaxis) is comparedwith thepredictedò distribution.3 Theplotson the
right-handsidearethedistributionsof theK-S distanceasdeterminedfrom a MonteCarlocalculation.

Thep-valuesfrom eachof thedistributionsweredeterminedandrangefrom 0.001to 0.15. Theau-
thorscommentthat“giventhea posteriori selectionof the9 kinematicalvariables,thecombinedstatistical
significancecannotbeunequivocally quantified.” However, we candeterminea combinedp-valueby cal-
culatingtheproductof the9 p-values,ñßøÉ¦ùø , anddetermininghow likely it would be to obtainthis product
valueassumingthebackgroundhypothesis.This is givenby� øÉ¦�ø[O úûå ¬ 9 ü å � 9ªý ¬ � Y = óÉô[ñ2øÉ¦�øù> ýþ ´ ÿ � (13)

andequals,-��!Ü.0,�) �2á assumingyousetasidethereservationsof theauthors.

This estimateof theoverall p-valueraisesanumberof comments.First,arethevariablessufficiently
uncorrelatedthatany residualcorrelationscanbeignored?Varioustestsweremadeof thisassumptionby the
authors,but no rigorousargumentwaspresented.Second,uncertaintiesin theStandardModel predictions
have not beenincorporatedinto thep-valuecalculation.Thesemayhave someeffect on theoverall result,
but it is unclearhow largethis might be.Third, theeffect on thep-valueestimateof thea posteriori choice
of variablesis virtually impossibleto assess.A studyof a seriesof alternatevariablesweremadeby the
authors,but no firm conclusioncouldbedrawn.

Of these,perhapsthe third is the mostvexing. It is true that the choiceof the 9 variablesfor this
analysiswasmadeafter the 13 event datasamplehadbeenidentifiedasbeingunusual. In that sense,it
is no longer possibleto argue that the quotedp-value is an unbiasedmeasureof the significanceof the
observation.

In this case,thebeststrategy is to repeatthemeasurementwith anindependentdatasampleto deter-
mineif thesameeffect is observed.However, thisanalysisservesasagoodexampleof theissuesonemust
facein makingsucha multi-variateestimateof significance.

7. Observations on Curr ent Practiceand Summary

Particlephysicistshave increasinglyreliedon numericalestimatesof statisticalsignificance.Theliterature
is repletewith the useof the p-value,and this appearsto have developedinto onecommonmeasure,as
illustratedby the examplesprovided above. Othermeasuresof significanceareoften quoted,suchasthe
equivalentnumberof standarddeviationsameasurementlies from thevaluepredictedby ahypothesis.This
is, of course,justap-valueunderadifferentname.

3The authorschosebackgrounddistributionsfor thesefiguresobtainedusingMonteCarlo calculations,but usedbackground
distributions for their p-value calculationsobtainedby “bootstrapping,” usinga complementarydatasamplethat hadno signal
eventsandthatwasarguedto provide a goodcharacterizationof theexpectedStandardModel backgrounds.TheStandardModel
MonteCarlocalculationsresultedin similarp-valueestimates.
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Fig. 2: The � distributionof theleptonfrom the 	 bosondecayin theCDF “superjet”eventsis shown in thetop-left plot (points)

andcomparedwith the StandardModel prediction(shadedhistogram).The top-right distribution is the expecteddistribution of

K-S distanceof the 13 dataeventsandthe SM predictionin the top-left plot. The vertical line is the K-S distancefor the two

distributions. Similarly, the bottom-left plot is the lepton � distribution for the complementarysampleof dataeventswherea

“superjet” is not detected,andthebottom-rightplot givesthedistribution of thecorrespondingK-S distancebetweenthedataand

predicteddistribution. TheK-S testdistributionsweregeneratedusinga MonteCarlocalculation.



More significantly, thereareconsistentattemptsin theliteratureto includein p-valueestimatesmore
completeinformationabouta givenmeasurement,suchasthesensitivity of theestimateto systematicun-
certaintiesandinformationfrom severalstatistics.Themoredifficult problemof avoiding unconsciousbias
in theselectionof statisticsis addressedthroughthe useof “blind analyses,” but the effective application
of suchtechniquesto truly serendipitousdiscoveriesis problematic.Here,the time-honouredtechniqueof
testingspecifichypothesesdevelopedthroughthestudyof onedatasetby creatingandanalyzingan inde-
pendentdatasetwith at leastcomparablestatisticalpower remainsthe mosteffective tool for separating
whatwe wouldcall the“statisticalfluctations”from first evidencefor truly new phenomena.

Finally, what is an appropriatecriteria for claiming a discovery on the basisof the p-value of the
null hypothesis?Therecentliteraturewould suggesta p-valuein therangeof ,�) �2á , comparableto a “ %-+ ”
observation,providesconvincing evidence.However, thecredibility of suchaclaimrelieson thecaretaken
to avoid unconsciousbiasin theselectionof thedataandthetechniqueschosento calculatethep-value.
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